PACS 61.30.Dk -Continuum models and theories of liquid crystal structure PACS 61.30.Gd -Orientational order of liquid crystals; electric and magnetic field effects on order PACS 42.79.Kr -Display devices, liquid-crystal devices Abstract -We study a dilute suspension of magnetic nanoparticles in a nematic-filled micron-sized shallow well with tangent boundary conditions. We use a phenomenological approach to study stable textures dictated by the interplay between confinement, boundary effects and nematic coupling with suspended nanoparticles. We numerically compute the stable textures for both the nematic order parameter and the averaged magnetization, as a function of the coupling strength and a new phenomenological parameter. We observe stable domain walls for the magnetization vector and stable vortices in the nematic host, for appropriate choices of the phenomenological parameters, and these stable patterns may have new technological applications.
Liquid crystals (LCs) are mesophases that are intermediate between conventional solids and liquids with a unique combination of long-range order and fluidity [1] . There are many different kinds of LCs, and we focus on nematic liquid crystals (NLCs) with constituent rodlike or disc-like molecules that have a natural tendency to align with each other to minimize the excluded volume and maximize the attractive Van der Waals interactions between them [1, 2] . The NLC exhibits longrange orientational order with special directions of averaged molecular alignment, referred to as "directors" in the literature [2] and the directional nature of NLCs makes them susceptible to external electric and magnetic fields, incident light and temperature. However, due to small values of magnetic susceptibility (∼ 10 −7 ), large magnetic fields are required for the magneto-nematic response. As a result, NLC devices are mainly driven by electric fields since the dielectric anisotropy is typically much larger than the magnetic susceptibility [1, 3, 4] . This naturally raises a question as to whether the introduction of magnetic nanoparticles (nanoparticles with magnetic moments) can enhance the magneto-nematic coupling, thereby allowing novel magneto-optic responses in (a) E-mail: Konark.Bisht@physics.iitd.ac.in (b) E-mail: ywang487@iit.edu (c) E-mail: A.Majumdar@bath.ac.uk (d) E-mail: varsha@physics.iitd.ac.in NLC systems in addition to the conventional electro-optic responses. The idea was first introduced in 1970 by Brochard and de Gennes in their pioneering work on ferronematics or magnetic nanoparticle (MNP)-doped NLC systems [5] . Brochard and de Gennes suggested that we can control the nematic directors, denoted by n, by the surface-induced mechanical coupling between NLCs and MNPs and equally, control the magnetization profiles by the nematic anisotropy through the MNP-NLC interactions [5] . In 2013, Mertelj et al. designed the first such stable ferronematic suspension using barium hexaferrite (BaHF) magnetic nanoplatelets in pentylcyano-biphenyl (5CB) LCs [3] . The properties of MNP-NLC suspensions referred to as ferronematics in this paper, are a delicate consequence of the shape, size of the MNPs, their surface properties, the ambient NLC properties, confinement and external fields [3, 6] . From an applications perspective, it is now established that doping NLCs with small amounts of MNPs can significantly alter the magneto-optical responses of the host NLC [6, 7] . From a fundamental scientific point of view, the MNP-NLC coupling raises several interesting questions on complex spatio-temporal pattern formation in strongly coupled systems.
We study a dilute suspension of MNPs in a NLC-filled square well, motivated by the experimental work in [8] . smaller than the distance between a pair of MNPs and the total volume fraction of the MNPs is small; this can be made precise in the language of asymptotics as in [9, 10] . We adopt a two-dimensional (2D) approach (also see [11] ) and assume that the nematic molecules and the magnetic moments of the MNPs strictly lie in the plane of the square domain. This reduced 2D approach can be rigorously justified for severely confined systems where the height of the system is much smaller than the cross-sectional dimensions [12] . By analogy with the experimental work reported in [8] , we assume tangent boundary conditions for the NLC (also see [13] [14] [15] for experimental methods) which requires that on the square edges, the NLC directors are tangent to the edges. Further, we assume that the MNPs can be treated so that their magnetic moments align with the nematic director on the square edges. We build on the phenomenological approach in [15] and model the observed spatial patterns as minimizers of an appropriately defined free energy, that contains a magneto-nematic coupling energy. Mathematically, this is equivalent to solving a coupled system of nonlinear partial differential equations, and the coupling term introduces new mathematical difficulties. There are four key phenomenological parameters that contain information about intrinsic length scales, material properties and the magneto-nematic coupling. In fact, by tuning these parameters, we can stabilize domain walls in the averaged magnetization of the suspended MNPs, we can displace the domain walls along with stable interior magnetic vortices or create magnetization patterns that bend and splay around the vertices, offering new possibilities. In terms of the nematic directors, we can tune the phenomenological parameters to stabilize interior nematic point defects, control their multiplicities and locations and again, this control would not be possible without the added effects of MNP-NLC interactions. These exotic patterns are stabilised by purely geometrical and coupling effects, without any external fields, and it would be hugely exciting to see if we can create self-assembled patterns of nematic defects and magnetic domain walls in patterned ferronematic systems without any external fields, by judiciously exploiting the intrinsic system properties as illustrated by our results.
For a dilute ferronematic suspension as considered in this manuscript, there are two key macroscopic variablesthe nematic order and the averaged magnetization of the coupled MNP-NLC system (induced by the moments of the suspended MNPs). We treat both of them as continuous variables [3, 9, 16] : (i) the NLC Q-tensor order parameter contains information about the orientational anisotropy of the NLC; and (ii) the magnetization vector M which is the spatially averaged magnetic moment of the suspended MNPs. The magnetization vector M is a 2-d vector, and in particular, we allow M to have a variable magnitude, including M = 0, to allow for segregation effects. In the 2-d case, the Q-tensor is a symmetric, traceless 2 × 2 matrix whose leading eigenvector n (with the largest eigenvalue which is necessarily positive) models the locally preferred direction of the NLC alignment at every point in space. We refer to n as the 2D nematic director i.e. n = cos θx+sin θŷ, where θ is the angle between n and x,x andŷ are the coordinate unit vectors in the plane. Then Q can be written as Q = S n ⊗ n − 1 2 I , where the scalar order parameter S is a measure of the degree of orientational order and fluctuations about n [13, 17] . Since Q is traceless, we can write Q as Q = Q 11 Q 12 Q 12 −Q 11 and one can easily verify that TrQ 2 = 2(Q 2 11 + Q 2 12 ) = S 2 /2 and TrQ 3 = 0. The generalized free energy density for this composite system has three contributions [1, 11, 18] :
The first line is the NLC Landau-de Gennes free energy density, the next line is the Ginzburg-Landau free energy for the magnetization and the last line is the magnetonematic coupling energy density [7, 18] . The Landau coefficient A =Ā (T − T * ), whereĀ is positive constant and T * is a critical NLC temperature. Similary,
, whereᾱ is a positive constant and T M c is a critical temperature. The parameters C and β are positive materialdependent constants whereas K and κ are the elastic constants, related to NLC elasticity and magnetic stiffness respectively. Lastly, γ is a measure of the MNP-NLC coupling [7] . Informally speaking, positive values of γ coerce n and M to be parallel to each other whereas negative values of γ coerce n and M to be perpendicular to each other. This can be roughly seen by the following calculation
where θ nM is the angle between the nematic director n and the magnetization vector M; see [18] for more details. These phenomenological parameters are typically estimated from experimentally measured quantities [19] . A dimensionless free energy density F can be obtained from Eq. (1) 
where L is the square size), and F = C L 2 A 2 F. The Euler-Lagrange equations associated with the dimensionless free energy density are given by: where Q = TrQ 2 /2 − 1 , M = |M| 2 − 1 and
Thus there are four dimensionless phenomenological constants in our formulation. The parameters c is the coupling constant. The parameters √ 1 and √ 2 set the diffusion scale for Q and M; they can be different, but for simplicity we assume them to be identically equal to √ . In our simulations, unless otherwise stated, we use = 0.001. The fourth parameter, ξ is a measure of the strength of the magnetic energy relative to the nematic energy, i.e. larger values of ξ will coerce the composite system to minimize the magnetic energy in Eq. (1) so that the magnetization profile M will tailor the Q -profile, but the Q profiles will not strongly influence the M profiles (M → Q) (at least for minimizers of (1)). Similarly, for very small values of ξ, minimizers of the composite system can easily deviate from minimizers of the magnetic energy in Eq. (1) and in this limit, the M profiles are tailored by the Q profiles and not strongly in the other direction (Q → M). Both limits, ξ → 0 and ξ → ∞ describe oneway coupling of Q → M and M → Q respectively.
Next, we specify boundary conditions for Q and M respectively on the re-scaled square edges, x = 0, 1 and y = 0, 1. We work with Dirichlet boundary conditions and our choices are guided by earlier experimental and theoretical works, for which n and M are constrained to be tangent to the square edges [8, 13, [20] [21] [22] [23] . This requires Q 11 = 1, Q 12 = 0 at x = 0, 1 and Q 11 = −1, Q 12 = 0 at y = 0, 1 (this is equivalent to fixing n = (±1, 0) on the edges y = 0, 1 and n = (0, ±1) on the edges x = 0, 1), by assuming perfect ordering on the edges such that S = 2 on y = 0, 1 and x = 0, 1. M = (1, 0) at y = 1; these non-trivial boundary conditions require M to rotate by 2π radians along the boundary, so that we must have some singular interior behaviour. This is a reasonable choice of boundary conditions in the soft anchoring limit (see [18] ) with positive γ, since M is either parallel or anti-parallel to n on the square edges, and we speculate that there may be experimental methods to fix M on the edges even with negative values of γ. We p-3 have inhomogeneous boundary conditions and hence, necessarily have inhomogeneous Q and M profiles, making this a very interesting problem in spatio-temporal pattern formation in highly coupled systems. In what follows, we first discuss the uncoupled system with c = 0, then discuss the effects of the MNP-NLC coupling on systems with different values of ξ (ξ = 0.1, 1 and 10), with both c > 0 and c < 0. Some of our most interesting observations pertain to how we can tune the system properties with c and ξ, leading to domain walls in M, with M 0 for small ξ, and stabilization of interior vortices in NLCs for large ξ, without any external fields.
The critical points of this system are solutions of EL equations (2), which can be computed numerically by standard finite-difference method (five-point formula for ∆) and Newton's Method [24] . In order to identify the distinct equilibria, we apply the deflation technique for nonlinear problems [17, 24, 25] . The stability of a computed solution can be checked by looking at the smallest eigenvalue λ 1 of the Hessian matrix of the discretized free energy [17, 26] . A solution is locally stable if λ 1 > 0.
Firstly we consider the uncoupled systems with c = 0 in (2) and reproduce the results for the NLC equilibria in the well geometry. NLC-filled square wells are well studied in the literature; see [8, 13-15, 17, 22, 24, 26-28] . As observed previously, there are two stable equilibria: D N and R N [8, 13] . The solution D N has a diagonally aligned nematic director while the nematic director rotates by π radians between a pair of opposite edges for the R N state. We plot the D N and R N states in Fig. 1 , along with the scalar order parameter (read by the color chart). We also plot the M profile and see a distinct degree −1-vortex in the interior (with M = 0) consistent with the topologically non-trivial boundary conditions for M.
Next, we consider the coupled systems (c = 0) with ξ = 1, where the nematic and magnetic energy densities are of comparable importance for energy minimizers or locally stable solutions (Q, M) of (2). Vortices (or interior points with S = 0) are energetically unfavourable for the Q-profile for A < 0 (low temperatures) and hence, we expect the Q-solution to remain defect free in this regime. For large values of c, n and M tend to align with each other. Hence, we expect the M profile to respond to the n profile by exhibiting a diagonally elongated vortex (to align with D N ) or to exhibit a displaced magnetic vortex towards an edge (to align with R N ). In Fig. 2 Fig. 2(c) . We use the subscript D * as this solution can be computed by using D N as the initial condition for Q. We see two − Finally, in Fig. 4(a)-(d) , we set ξ = 10 and study the effects of both positive and negative coupling, through the solution pairs Q Whilst these examples may not be exhaustive, they are fascinating examples of how we can stablize and control the multiplicity of interior nematic point defects by exploiting the parameters c and ξ; interior nematic point defects are typically unstable for uncoupled systems.
We study novel morphologies in a 2D ferronematic confined to a square well, with tangent boundary conditions, as a natural extension of extensive work on NLCs in square wells [8, 13-15, 17, 22, 24, 26-28] . There are four phenomenological parameters in our formulation, and we study the effects of the coupling parameter c and the parameter ξ, which is a ratio of the parameters in the nematic and magnetic bulk energies respectively. We expect that C and β are material-dependent constants, and the only variables are the temperature-dependent parameters, A and α, which can be tuned to control ξ. The observed morphologies have some experimental implications. Our results offer new routes for multistability induced by MNP-NLC coupling that could have potential applications for tailored colloidal assemblies [29] [30] [31] [32] [33] [34] . The reported results do not include the effects of nematic flow. We stabilize static nematic vortices in ferronematics, but it is possible that we can create persistent vortices with controllable rotation speed and direction (which are essential for nano and microscale mixing applications) in microfluidic channels or even applications in electrokinetics [35] , by exploiting the MNP-NLC coupling in a hydrodynamic scenario. Future work includes more exhaustive studies of pattern formation in ferronematics, including the effects of domain size, temperature, different boundary conditions, external fields, and investigating switching mechanisms mediated by MNP-NLC interactions. * * * KB acknowledges CSIR, India for financial support under the grant number 09/086(1208)/2015-EMR-I. The authors gratefully acknowledge partial financial support from DST-UKIERI and the HPC facility of IIT Delhi for the computational resources. YW would also like to thank Department of Applied Mathematics at Illinois Institute of Technology for their generous support and a stimulating environment.
